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Orbits and fields in the helical wiggler* 
John P. Blewett and R. Chasman 

Brookhaven National Laboratory, Upton, New York 11973 
(Received 24 May 1976; accepted for publication 3 January 1977) 

The "helical wiggler" is a device in which relativistic electrons pass through a transverse magnetic field 
whose direction revolves with distance along the beam axis. In this paper we discuss the electron orbits in 
this device. The field patterns and necessary current distributions are established. Finally, the question is 
treated as to whether this device can be incorporated into a storage ring without destroying the circulating 
beam. It is concluded that there is reason to expect satisfactory performance from helical wigglers in 
storage rings. 

PACS numbers: 41.70.+t, 41.80.Dd, 29.20.Dh, 41.10.Dq 

I. INTRODUCTION 

In a recent publication Elias et al. 1 describe the 
"observation of stimulated emission of radiation by re­
lativistic electrons in a spatially periodic transverse 
magnetic field". The observed radiation is a pheno­
menon predicted several years ago by Motz2 and ana­
lyzed by Purcell (in unpublished reports) and by Madey. 3 

The earlier papers considered only radiation induced on 
passage of electrons through a magnetic field whose 
direction is periodically reversed. Madey's paper and 
the paper of Elias et al. describe radiation induced in 
a transverse magnetic field whose direction revolves 
around the beam axis, The experiment described in 
Ref. 1 used a linear accelerator beam which made a 
single passage through the device. The possibility of 
incorporation of a spiralling transverse magnetic field 
in a storage ring to yield a radiation spectrum more 
sharply peaked than the usual synchrotron radiation 
spectrum has recently been recognized by Kincaid, 4 

His paper appears as a companion paper to this one 
(preceding paper). 

The radiation under discussion is essentially syn­
chrotron radiation emitted when electrons travel on a 
helical path through a spiralling transverse magnetic 
field. When the electron orbit makes many turns in the 
spiralling field the radiation spectrum, heavily affect­
ed by Lorentz transformations, peaks at a wavelength 
roughly 1'-2 times the period of the spiralling magnetic 
field. In the Stanford study (Elias et al. 1) the period of 
the spiralling field was 3,2 cm. Electrons of energy 24 
MeV passed through the field pattern which was applied 
over a distance of 5. 2 m along the electron orbit. The 
transverse field on axis was 2300 G. Radiation was 
observed at the predicted frequency of 10.6 /1. 

Since the radiation in this system is much more nearly 
monochromatic than the radiation from electrons in a 
storage ring or synchrotron, it is of considerable in­
terest to consider inclusion of a spiralling transverse 
field system in a storage ring built as a dedicated source 
of synchrotron radiation. In this paper the field pat­
terns and electron orbits in the spiralling field system 
are explored and the implications for incorporating it 
in a storage ring are derived. 

At Stanford, the device is referred to as a "free 
electron laser". Synchrotron radiation speCialists de­
scdbe it as a "helical wiggler". 
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II. DESCRIPTION OF MAGNET SYSTEM 

The spiralling field pattern is produced by a double­
helix bifilar magnet which can be visualized if one as­
sumes that on the outside of a bore tube an open helix 
is wound, and then a second helix is wound in the spaces 
between turns of the first helix. When currents in oppo­
site directions are passed through the two helices, the 
central axial magnetic field is cancelled and the spiral­
ling transverse field pattern appears. 

If the helices consist of wires of infinitesimal cross 
section, the field pattern on axis can be derived as a 
function of current in the helices. The result for a 
single open helix is given by Smythe5 and is derived for 
the double helix by Kincaid. 4 

III. FIELD AND CURRENT DISTRIBUTIONS 

It will be assumed that the field pattern has a sinu­
soidal variation in the axial direction and that no higher 
harmonics are present. 

The magnetic field patterns and current distributions 
in the magnet system are derived in the Appendix. The 
fields to be traversed by the electron beam are given 
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FIG. 1. Current I tot per turn required to produce an axial 
transverse field Bo in a helix of pitch AO as a function of the 
ratio of helix radius to pitch. 
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by 

Br = 2Bo[Io(kr) - (i/kr)I1 (kr)] sin( 9 - kz), 

Bo = (2Bo/kr)lt (kr) cos( 9 - kz), (1) 

B z = - 2Bol1 (kr) cos( 9 - kz), 

where Bo is the transverse field amplitude at the axis 
of the system, 10 and 11 are Bessel functions, and k 

, = 271 /Ao where Ao is the pitch of the helical winding. 

Near the axis the Bessel functions can be approxi­
mated by expressions given in the Appendix. 

The current in the helical winding required to produce 
a transverse field Bo on the axis of a helix of pitch Ao 
is plotted as a function of the ratio of helix radius to 
pitch in Fig. 1. 

IV. ELECTRON ORBITS 

The analysis which follows has been guided by com­
puter runs which have indicated the character of the or­
bits. The computer runs have traced electrons under va­
rious conditions through the fields described by Eqs.(l). 
It has thus been established that the orbit includes oscil­
lations at three main frequencies. The primary motion 
is helical with an orbit radius of a small fraction of a 
millimeter. The period of the motion is the same as 
that of the transverse field and its axis oscillates around 
the physical axis of the helix with a much lower frequen­
cy. At a still lower frequency the x and y components of 
the intermediate-frequency oscillation couple to each 
other and exchange energy. The reasons for this behav­
ior and the important parameters can be established by 
an approximate solution of the equations of motion. 

An important Simplification is possible when it is 
realized that excursions from the axis are small and 
that the major velocity component is the paraxial one. 
Since all applications will use highly relativistic elec­
trons it is legitimate to set z = e and z == et. This re­
duces to two the number of equations of motion which 
must be solved. 

First, we shall establish the radius ro of the helical 
orbit. The field patterns (1), for the regions close to 
the axis, can be approximated by 

Br =Bo sin(9 - ket), 

Bo ==Bocos(9- ket), (2) 

B.=O. 

It is easy to show that the helical orbit through these 
fields has 

8 == ke, 

r==ro=1/k2p, 

where p (=moye/eBo) is the cyclotron radius in the 
field Bo. 

When the lower-frequency oscillation has carried the 
helical orbit some distance from the axis, the ampli­
tudes of Br and Bo, given by Eqs. (1), are no longer 
equal and the projection of the helical orbit on the r- 8 
plane is no longer exactly circular. Its average value 
will, however, be given by solution of the following 
equation (expressed in a coordinate system having its 
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origin on the instantaneous axis of the helix): 

mriJ2 = - ere B. + ez B to (3) 

where B t represents the transverse field which will 
alternate between Br and Bo (of the original coordinate 
system). From Eqs. (1) its average value will be 
Bolo(kR), where R is the displacement of the instantane­
ous axis of the helix from the central axis of the wiggler. 
Now, setting 8 again equal to ke and neglecting the small 
contribution of the Bit term in Eq. (3), we obtain 

(4) 

Using the parameters of the Stanford experiment'- (k 
=196 m-1, p=0.348 m), we find for R=O, ro=0.075 
mm. As will be shown later, the Stanford parameters 
with no initial correction lead to a "betatron oscillation" 
with an amplitude of about 6 mm. At the maximum ex­
cursion in this oscillation the value of ro is about 0.10 
mm. These figures a're in good agreement with those 
obtained from the computer runs. 

To derive the characteristics of the lower-frequency 
oscillations it is necessary to solve the equations of 
motion 

We substitute for B", By, and B" expressions (A3) and 
we make the following SUbstitution for x and y: 

x = ro cosket + u, 

y = rosinkct +v. 

(5) 

(6) 

In making the SUbstitution we note the fact that kro is 
of the order of O. 01 when the Stanford parameters are 
used and is even smaller for higher-energy electrons. 
Accordingly, it is legitimate to neglect k2~ with re­
spect to unity. Assuming that u and v are slowly vary­
ing compared to cosket, one can write from Eqs. (5) 
and (6) 

il + 20v + uJu = 0, 

il - 2M + wZv == 0, 

where 

0== (kero/2p)[1 + tk2
(U2 + vZ)], 

W
Z = (k2e2ro/2p)[1 + tk2(UZ + V Z)]. 

(8) 

Solving Eqs. (7), taking into account the fact that 0 is 
small compared with w, we find that u and v are com­
binations of trigonometric functions of w± O. The co­
efficients of the functions will be determined by initial 
conditions. The values of u and v are 

u=(xo- ro) coswtcosot+ w-1[oxo_ Vy +ro(ke-o)] 

Xsinwt sinot + w-1(oyo + v,,) sinwt cosot - Yo coswt sinot, 

(9) 

v == w-
1
[v y - oXo - ro(ke - 0)] sinwt cosot + (xo - ra) 

Xcoswt sinot +Yo coswt cosot + w-1(oyo + v,,) sinwt sinot, 

(10) 
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FIG. 2. Orbit in a helical wiggler with zero initial coordinates and transverse velocities. 

where xo, Yo, V r , and Vy are the initial values of x, y, i, 
and y. Using the Stanford parameters we find that 0 is 
of the order of lo/c of w which, in turn, is of the order 
of 1 % of kc. Neglecting small terms and setting all of 
the initial parameters equal to zero, we obtain 

x = ro(t) coskct + [kcro(t = 0)/ w] sinwt sinot, (11) 

y = ro(t) sinkct - [kcro(t = 0)/ w] sinwt cosot. (12) 

For zero initial conditions, there will be a "betatron 
oscillation" with an amplitude of the order of one 
hundred times the radius of the basic helical motion ro 
and with a frequency of the order of 1 % of that of the 
basic helical motion. 

We turn now to establishing the values of the lower 
oscillation frequencies. First we use Eq. (4) to esta­
blish an average value of roo From Eqs. (6), (9), and 
(10) 

R2 '" u2 + v2 (assuming u and/or v is much larger 
than ro) 

=R~Sin2(wt+ cp), 

frequency. Ro and cp are determined by the initial 
conditions. 

From Eq. (4), 

ro "'(k2p)-1[1 +t~R~sin2(wt+ cp)]. 

Hence the average value of ro is 

rO,av= (k2p)-1(l +tk2R~). 

Applying the same procedures to Eq. (10), 

w2 = (c2/2p2)(1 +tk2R~)(1 +x\k2R~) 

w = (0. 707 c/p)(l +~k2R~), 

0= (c /2kp2)(1 + tk2 R~). 

Inserting the Stanford parameters, after a few alge­
braic manipulations the parameters prove to be 

Ro=6.0 X lO-3 m, 

w = 7.4 X 108 sec-1, 

O=1.0 X 107 sec-1
• 

For comparison, kc = 5. gx Hro sec-1 = SOw. 

where Ro is the maximum excursion at the intermediate The results of the computer runs using the correct 
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FIG. 3. The functions u and v in a very long wiggler. 
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field expressions (1) are shown in Figs. 2 and 3 for the 
case of zero initial conditions. Figure 2 shows the first 
100 periods of the helical oscillation; Fig. 3 shows the 
behavior of u and v over an impractically long wiggler 
having over 700·periods. The results are in good agree­
ment with the approximate theory outlined above. The 
value of w is 7.6 X 108 to be compared with the predicted 
value of 7.4 x 108. The predicted value for the oscilla­
tion amplitude was 6.0 mm, to be compared with the 
correct value of 6.2 mm. The hypothetical computed 
wiggler was not long enough to establish the value of 
o but evidently the predicted value is of the right order 
of magnitude. 

V. EFFECT OF A SUPERPOSED AXIAL FIELD 

In the Stanford experiment a 1000-G axial field was 
superposed on the wiggler field pattern by addition of 
a solenoid which enclosed the wiggler. Such a field can 
have marked effects both on the helical motion and on 
the betatron oscillation frequency and amplitude. 

The wavelength of the helical motion will remain the 
same as the axial period of the helical winding. But 
the value of ro, obtained from Eq. (3), will change if 
the axial field is strong enough that the first term on 
the right-hand side of Eq. (3) no longer can be neglected. 
Equation (3) then yields 

(13) 

where P1 (=mc/eBI ) is the cyclotron radius in the added 
axial field B1 • In a field of 10 kG the added term will 
make a change of about 6% in the value of roo Whether 
ro is increased or decreased depends on the direction 
of the applied field. 

To find the effect of the applied field on the betatron 
oscillations we reexamine Eqs. (7) and (8). Equation 
(7) will have the same form but it will be found that the 
expression for 0 is changed to 

(14) 

Here, as before, the choice of plus or minus sign de­
pends on the direction of the applied field. If the ap­
plied field Bl is of the same order as B o, then, since 
kro is small (of the order of 10-2) the new term is the 
only significant one. The expression for w2 is un­
changed but now 0 is of the same order as w and terms 
in o/w no longer can be neglected. Equations (7) now 
yield for the frequency of the betatron oscillation the 
quantity 

(15) 

For small-amplitude betatron oscillations where k2u2 
and k 2v2 are negligible compared with unity, (15) 
becomes 

{
1(ro 1) 1 r1(ro 1 )Jl/2}1/2 

kc 2' p+JiZPf ± kP1 L2' p+ 2k2pf . 

For applied axial fields of 1,5, and 10 kG the two 
frequencies 11 and la given by Eq. (16) are (using the 
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(16) 

Stanford parameters) 

Bl (kG) It (sec·I ) 12 (sec·l ) 

1 8.2xI08 4. 5 x 108 

5 20.5Xl08 1. 8X 108 

10 38. 4x 108 1. OX 108. 

The oscillation no longer has the same character as 
that produced only by the wiggler but is the sum of sines 
and cosines of the two frequencies with amplitudes de­
termined by initial conditions. The overall oscillation 
amplitudes are smaller than before and can be reduced 
to negligible levels by suitable choices of initial 
conditions. 

VI. PRACTICAL CONSIDERATIONS 

Several practical problems remain to be solved be­
fore the helical wiggler can be incorporated into a 
storage ring. 

First, a reasonable end configuration must be de­
signed and the end field pattern stUdied. During our 
computer studies we have introduced a tapered field 
pattern at the end, maintaining the same period of the 
helical field pattern. Orbits through this pattern were 
not notably different from the orbits in the wiggler with 
discontinuous ends. It appears impractical to taper the 
end fields so slowly that the entry and exit behavior can 
be conSidered adiabatic. 

Second, such large oscillations as those predicted 
for zero initial conditions cannot be tolerated. Magnetic 
kicks must be introduced at the entrance to reduce the 
betatron oscillations to negligible amplitudes and at the 
exit to restore the electrons to the equilibrium orbit of 
the storage ring, Such kicks have been introduced in the 
computer program; as predicted by Eq. (12) an initial 
Vy of approximately kcro is required. This is entirely 
effective in reducing the radial excursions to fractions 
of a millimeter. The initial deflection required for the 
parameters considered was about 20 mrad. Figure 4 
shows the computed orbits with such a kick. The kick 
given was that predicted by the approximate theory 
presented above. In the orbits shown in Fig. 4 a small 
betatron oscillation remains in the y plane. Exact can­
cellation in both planes can be achieved by trial and 
error. 

Third, wiggler parameters should be established for 
use at the higher electron energies contemplated for use 
in synchrotron radiation facilities. To obtain x rays 
of the highest possible energy it will be necessary to use 
a helix with as short a pitch as possible, But the graph 
of Fig. 1 indicates that, for a pitch less than about twice 
the wiggler diameter, the current demands are becom­
ing excessive. Methods for studying this problem are 
included in the Appendix. In particular, Eq. (AI0) can 
be appll.ed to establish performance on physically real­
izable wigglers. In practice, windings probably will be 
chosen of sufficient thickness that the second exponen­
tial term is of the order of about one-tenth of the first. 
To establish limits, however, we shall assume that 
the coil is infinitely thick and the second exponential 
vanishes. Two assumptions will be tested about achiev-
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FIG. 4. Orbits with almost complete correction of the y motion. 

able current density in the superconducting coil. The 
fields at the coil windings will be high-of the order of 
50 kG for 10-kG transverse fields at the axis-and this 
will limit current densities for the currently available 
niobium-titanium wires to the order of 50000 A/cm2 • 

We will then assume that developments now in progress 
on stranded Nb3Sn will result soon in current densities 
of 100000 A/cm2

• As a reasonable minimum value for 
wiggler radius we choose 0.5 cm. For these param­
eters, we derive from Eq. (Al0) the data given in Table 
I. 

Kincaid4 has presented reasons for preferring to 
keep his parameter K close to unity. K is a dimension­
less parameter which, for Bo in gauss and AO in centi­
meters, has the value 9. 3X 1O-5BoAo. From Table I 
achievable parameters will be a pitch of about 2 cm 
and a transverse field of about 5000 G. 

The cyclotron radius for 2-GeV electrons in a field 
of 5000 G is 11 m. The radius of the helical orbit will 
be about 1 iJ.. The peak in the emission spectrum will 
be at about 13 A. 

Finally, it must be shown that the effect of the wiggler 
is not to destroy the circulating beam in a storage ring 
into which it is introduced. That subject is discussed 
in Sec. VII. 

TABLE I. Magnetlc fields achievable in wigglers. 

AO Bo(Io=50000 A/cm2} Bo(Io= 100 000 Alcm2) 

(em) (G) (G) 

1 700 1400 

1.5 2700 5400 

2 5800 11530 

2.5 9600 19300 
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VII. THE HELICAL WIGGLER IN A STORAGE RING 

The helical wiggler must be matched optically if it is 
to be incorporated into a storage ring. This is neces­
sary to maintain orbit stability in the ring. 

Equations (9) and (10) show that for a helical wiggler 
of practical length (ot« 1) one can approximate the 
"smooth" transverse motion by 

U(Xo - ro) coswt + (v:.1 w) sinwt, 

v = (v, - r okc)w-1 sinwt + Yo coswt. 

(17) 

(18) 

Assuming that the wiggler is displaced horizontally by 
the amount ro and that the beam is kicked in and out to 
give v,=±rokc, the equilibrium orbit of the storage 
ring will be preserved. USing the nomenclature of 
Courant and Snyder, 6 the effect of the wiggler on the 
betatron motion can be described by simple transfer 
matrices: 

(19) 

where iJ.w=wTw=wLw/c, Tw is the passage time through 
the wiggler, Lw is the length of the wiggler, {3w = Lw/ iJ.w 
=c/w, and 'Yw= l/{3w' 

If the helical wiggler is inserted in a storage ring 
between two points 1 and 2, then, for proper matching, 
it is required that 

~a:l rMilM~2 +Mf~ 
{32 = - 2MilM12 

Y2 - 2M2"2M21 

(20a) 

J.P. Blewett and R. Chasman 2696 
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and 

UJ 
["l'Mj, + Mt,Mj, - M~lMi1 -Mt'~MJ [.IJ = - 2Mf1Mf2 {Mi1)2 {Mf2)2 l3i, 

-2~2~1 {M~1)2 (M~2)2 ,'f 
(20b) 

where the a's, l3's, and y'S are the horizontal and ver­
tical orbit parameters6 of the storage ring at points 1 
and 2. 

Using Eq. (19), one obtains 

[",J [c~,". tl3; sin2/lw 
- ±~- s~'""J["J 

3~ = - 13: S~n2/lw COS2J..l w 13~ sin2 J..l w pi 

'1 13w sm2J..lw 13;,,2 sin2 J..lw cos2/lw Yl 

and n [CO""_ 
t13;;;t sin2J..lw -l~_ ,m'"_ J t1J 

Il~ = - f3 w sin2/lw cos2J..lw 13! sin2 J..lw i3i. 
r~ f3; sin2J..lw 13;,,2 sin2 J..lw COS2 J..lw Yi 

A reasonable location in a storage ring for a helical 
wiggler will be in a matched insertion. If the insertion 
is symmetrical (which is usually the case) and the wig­
gler is placed symmetrically around the insertion cen­
ter, then a~=- af, 13~=f3f, Yz=yf, a~=- ai, f3~=:f3i, 
Y~ = yi and one can solve for all of the a's, 13' s, and 
y's. 

For electron energies in the GeV region and a wiggler 
length of a few meters, J..lw « 1 and one can approximate 
the 3 x 3 matrix by 

[ 

1 

- 2Lw 

2J..lw /f3w 

leading to 

af= a~=o, 

1 

o 

ai=: a~=:O, 

It should be noted that 13w =: f2 p. For 2- Ge V electrons 
and B o=5.5 kG, p=:12.1mand13w =17.1m. Therms 
radial emittances of 2-GeV electron beams can be as low 
as 1. 5 x 10-8 1T m rad if special care is taken in the de­
sign of the storage ring. 7 One then gets an rms beam 
width of about 0.5 mm in the helical wiggler, and a 1-
cm bore will yield an adequately long quantum lifetime. 
Furthermore, the horizontal angular divergence ()r will 
be 3.0 x 10-5 rad. This easily satisfies the condition' 
that ()r must be less than {N1 / 2y)-1 to maintain spectral 
purity. Here N is the number of wiggler periods (of the 
order of 102). 

Computer runs following orbits for 100 revolutions 
in a storage ring containing an optically matched helical 
wiggler confirm that stability can be achieved, provid­
ed the proper kicks are given to the beam at the input 
and output of the wiggler. 
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The radius of the helical path of off-momentum par­
ticles is shifted by only a very small amount, ro~p/p· 
This makes it necessary for the local value of the mo­
mentum dispersion function of the storage ring to be 
zero at both ends of the wiggler. With such a configura­
tion it can easily be shown that the effect of a helical 
wiggler on the relative amount of longitudinal and ra­
dial damping is negligible. 

VII. CONCLUSION 

An analysis has been given which yields approximate 
orbits of electrons in helical wigglers. There seems 
to be reason to expect that satisfactory performance 
can be achieved when the helical wiggler is incorporat­
ed in an electron storage ring. However, strong cou­
pling between the horizontal and vertical motion in the 
storage ring is to be expected, resulting in increased 
vertical beam size. Further investigation is essential 
of the nonlinear effect due to helical wigglers. 
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APPENDIX: MAGNETIC FIELD PATTERNS AND 
CURRENT DISTRIBUTION 

It will be assumed that the ~ield has a sinusoidal 
distribution in the axial direction, the distribution hav­
ing the same period as the helical winding. It will be 
assumed further that no higher harmonics are present. 
The field pattern can then be represented by 

By = F{r) sin{() - kz), 

Be = G{r) cos{() - kz), 

where 21T/k is the axial distance in which the field makes 
a complete revolution. Substitution of these expressions 
in Maxwell's equations and elimination of B. by second 
differentiation reveals the fact that rG is proportional 
to 11 (kr) , a first- order Bessel function of imaginary 
argument. Finally, we obtain 

By =: 2Bo[Io{kr) - (1/kr)I1 (kr)] sin{ () - kz), 

Be = (2B o/kr)I1 (kr) cos{() - kz), 

B. =: - 2BoI1 (kr) cos{ () - kz), 

(Al) 

where Bo is the transverse field amplitude at the axis 
of the helical winding. 

Near the axis the fields can be represented by ap­
prOXimate expressions using the leading terms in the 
series representing the Bessel functions. For kr less 
than about O. 8, the field components can be represented 
with errors less than 1 % by 

By =Bo{l +tk2y2) sin{() - kz), 

Be =Bo{l +tlry2) cos{()- kz), 

B.= - kBor{l +tk2y2) cos«() - kZ). 
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In rectangular coordinates the field components are 

Bx = - BoU1 + ~k2(3xZ + y2) 1 sinkz - (tk2xy) coskz}, 

By = B o{[l + tk2(.\-2 + 3y2)] coskz - (tk2xy) sinkz}, (A3) 

B z = - Bo[l + ~k2(xZ + y2) lex coskz + y sinkz). 

Outside of the helical winding the field expressions 
will be similar, but, in order that the fields vanish at 
infinity, it will be necessary to replace the I functions 
with K functions. The field amplitude outside will be 
obtained by matching the radial component of B. This 
will introduce into all components a factor 

A_rrIo(ka) - (1/ka)I1(ka) 
-2Ko(ka) + (1!ka)K1(ka) , 

(A4) 

where a is the radius of the winding which, for the mo­
ment, we assume to be infinitesimal in thickness. 

The current distribution can be derived from the dis­
continuity in Be and Bz 

Ie = - 42Bo (2A K1 (ka) +11 (ka~ cos(8 - kz), 
rrJlo rr '} 

Iz=
4

2B
Ok (~Kl(ka) +Il(ka~ cos(8- kz). 

rrJlo a rr 'l 
The total current is, with the Wronskian relation, 

5Bo (1 + 1/k2a2 )1/2 
I =n k,l(o(ka) +K

1
(ka) cos(8 - kZ). 

(A5) 

(A6) 

Here I is given in A cm-1 (axial) and Bo is in G. The total 
current in one tUrn of the helix will be given by setting 
8 = 0 and by integrating Eq. (A6) from kz = - irr to 
+h to obtain 

I _ 5AOB O (1 + 1/k2a2)1/2 
tot - ----.;;z- kaK o(ka) + Kl (ka) , 

(A7) 

where AO (= 2rr/k) is the pitch of each helix in cm. 

Equation (A 7) is to be compared with Kincaid's Eq. 
(1). The two expressions differ by a factor (4/rr)(1 + 1/ 
k2a2)1/2; this small difference is attributable to the fact 
that this treatment relates to a distributed winding, 
whereas Kincaid's helices are single wires of infini­
tesimal cross section. 
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Equation (A7) is plotted in a semilog plot in Fig. 1. 
It is evident from the plot that, above a/Ao = O. 2, the 
expression for Itot/AoBo can be represented by an 
exponential: 

(A8) 

USing expression (A8) it is possible to analyze wind­
ings of finite thickness. We assume that the axially 
sinusoidal current distribution is replaced by a block of 
current of uniform density, 10 (A/cm2

), and of axial 
width tAo. Near the axis, this will give fields which are 
to a good approximation the same as those provided by 
the sinusoidal distribution. 

The total current in a block of infinitesimal thickness 
da at radius a will be I oct AO) da; it will provide a trans­
verse field dBo on the axis given by Eq. (A8) 

dBo = 1. 35510 exp(- 5. 68 a/Ao) da. (A9) 

For a coil of finite thickness, having inner and outer 
radii Gt and a2, we integrate Eq. (A9) to obtain 

Bo = O. 23851oAo [exp(- 5. 68adAo) - exp(- 5. 68azlAo) leG). 
(AI0) 

For coils having Gt/AO greater than 0.2, Eq. (AI0) can 
be used to establish the current density 10 in A cm-2 re­
quired to produce a transverse magnetic flux density 
of Bo (G) in a helix of given pitch and inner and outer 
dimensions. 

*Work performed under the auspices of the Energy Research 
and Development Administration. 
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