A simple DBA lattice has been chosen for the purpose of comparing analytical results with the results, obtained using Elegant. The energy of on-momentum electron is considered as 2.5 GeV and momentum off-set is considered from -2% to +2%.

The analytical formula for SR loss per turn up to second order in momentum off-set (energy off-set) is as following (Eq. 11 in the appendix)


(Complete derivation is in Appendix of this note).
Here U0 is the SR loss per turn, and P0 is the radiated power by the on-momentum particle. For design path, the radius of curvature is R0 and k is the quadrupole strength of the dipole magnet (in the example, we took dipole magnet without gradient, i.e. k = 0). Dispersion and its derivative are D and D, respectively, while D(2) is the second order dispersion. In the example, when k is zero, the radiated energy per turn becomes

For the example lattice, above formulation matches well with the results, obtained using Elegant, if we multiply the term of second order dispersion (second term in second bracket) by a factor of ~30 in the formula. The results are shown in Fig. 2
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	Fig. 1: Comparison of results of analytical formula with the results from Elegant. Left: When formula given in the text is used to compute, Right: When the term, related to second order dispersion in the formula is increased by a factor of 30. 



For computing result using formula, Twiss parameters, as well as second order dispersion have been obtained using MAD8 (CHROM flag in TWISS command). This note shows that the analytical formula underestimates the nonlinear dependence of SR loss per turn on momentum off-set compared to the results from Elegant.

Script, used:
[bookmark: _GoBack]
sddscollapse Basic.fin -pipe=out | sddsprocess -pipe=in Basic.finc "-define=column,U0,MAL.DP Cdelta - pCentral * mev *",units=MeV

Appendix: Derivation of SR loss as a function of dE/E0:

SR loss per turn in the approximation of , is given by
	
	[1]


Here P is the radiated power and ‘ds’ is the path of motion. Both of these quantities depend on momentum off-set ( or ). Here subscript zero denotes the quantity for the on-momentum (design) particle. In this limit, .
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In the above figure, there is a curvature in the path and electron emits synchrotron radiation. The design path is AB (= ds) with a radius of curvature R0 (= OA). Off-momentum particle is tracing the path CE (= ds), which is initially at a distance x (= AC) from the design path. After an increment in angle by d, its distance from the design path becomes BE (= x + DE). Here CD is the concentric curve with the design path. The trajectory of off-momentum particle is making initially an angle of x from the curve CD. In the limit , we can write

Now 
Therefore, the above expression in terms of ds can be written as following
	
	[2]



Now for an off-momentum particle, we can write (up to second order in )


Here D and D are dispersion and its derivative. Second order dispersion and second order D are denoted by  and .
Using these terms of x and x in Eq. 2, and retaining terms up to second order in , the path length for an off-momentum particle is given by
	
	[3]



The radiated power P of a charged particle, moving on a path of radius of curvature R under the magnetic field B is given by
	
	[4]



Here q is the charge on the particle, c is the speed of light in vacuum, ϵ0 is the permittivity of the free space, and , β are the relativistic ratio. Using  and  relations (Here E and Erest are the total energy and the rest mass energy of the particle, respectively) in the above expression and replacing radius of curvature R by , the final expression will be
	
	[5]



For the case of relativistic electrons,  the above expression becomes
	
	[6]



Here K represents the constant in the expression for the electron. From this expression, one can obtain



Therefore, a particle which is at x distance (in horizontal plane, in which the bending is assumed) from the design path on some instant, we have
	
	[7]



Here B0 is the dipole magnetic field on the design path and  is the gradient in the field. 
Using expression for x, the fractional change in radiated power is 



Which yields the radiated power as following
	
	[8]



Using Eq. 3 and Eq. 8 in Eq. 1, we get


	
	[9]



On differentiation, we get

And


SR loss in the vicinity of E0 can be expanded by Taylor expansion, i.e.
	
	[10]



Using expressions of  and  in the Taylor expansion of U (Eq. 10), we get


	
	[11]
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